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The discovery of apparent cosmological acceleration has spawned a huge number of dark
energy and modified gravity theories. The f (R) models of gravity are obtained when one
replaces the Ricci scalar in the Einstein-Hilbert action by an arbitrary function f (R),
S =
1
2κ
∫
d4x
√−g {R+ f (R)}+ Sm, (1)
where κ ≡ 8πG is the rescaled Newton’s constant, R is the Ricci scalar and Sm is the
action describing the standard matter fields. In this work we provide expressions for the
equations of state (EoS) for perturbations which completely characterize the linearized
perturbations in f (R) gravity, including the scalar, vector, and tensor modes. The EoS
formalism1 is a powerful and elegant parametrization where the modification to General
Relativity are treated as a dark-energy-fluid. The perturbed dark-energy-fluid variables
such as the anisotropic stress or the entropy perturbation are explicitly given in terms
of parameters of the model of interest.
Keywords: Modified gravity; Dark Energy; Cosmological perturbations.
1. Field Equations
Varying the action (1) with respect to the metric yields the field equations,
Gµν = κ (Tµν +Dµν) , (2)
where Gµν is the Einstein tensor and Tµν is the stress-energy tensor of the standard
matter fields. All contributions due to f (R) are packaged into the extra-term Dµν ,
which we call the stress-energy tensor of the dark sector, explicitly formulated as
κDµν ≡
1
2fgµν − (Rµν + gµν−∇µ∇ν) fR, (3)
where Rµν is the Ricci tensor, and fR ≡
df
dR . A direct calculation shows that
Dµν is covariantly conserved, that is, ∇
µDµν = 0. The background geometry is
assumed to be ds2 = −dt2+ a (t)
2
δijdx
idxj , where a (t) is the scale factor. Instead
of the first and second order time derivative of the Hubble parameter, H , we use
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the dimensionless parametersa
ǫH ≡ −
H ′
H
, ǫ¯H ≡ −
R′
6H2
, (4)
where the prime denotes derivative with respect to d/d lna. The dark sector can be
viewed as a fluid, with energy density ρde ≡
1
a2
D00 and pressure Pde ≡
1
3a2 δ
ijDij .
The field equations (2) read
Ωm +Ωde = 1, wmΩm + wdeΩde =
2
3ǫH − 1, (5)
where Ωi =
κρi
3H2 is the density parameter and wi ≡ Pi/ρi. From (3). For the f(R)
fluid, they are explicitly given by
Ωde = −
f
6H2
+ (1 − ǫH)fR − f
′
R, (6a)
wde + 1 = −
1
3Ωde
(2ǫHfR + (1 + ǫH)f
′
R − f
′′
R) . (6b)
2. Dynamics of Linear Perturbations
The dynamics of linear perturbations is presented in Fourier space. Instead of the
coordinate wavenumber, k, a reduced dimensionless wavenumber is introduced,
K ≡
k
aH
, (7)
so that K can easily recognize the sub-(super)-horizon regimes. In the synchronous
gauge, the non-zero metric perturbations are δgij = a
2hij . In an orthonormal basis
{kˆ, lˆ, mˆ} in k-space, the spatial matrix hij is further decomposed as hij =
1
3hδij +
h‖σij+h
V ·vij+h
T·eij , where the notations h
V and hT contain the two vector and the
two tensor polarization states respectively, and the dot product has to be understood
as a sum over the polarization states. Instead of h, we use the combination 6η ≡
h‖ − h. The basis matrices are σij = kˆikˆj −
1
3δij for the longitudinal traceless
mode, v(1)ij = 2kˆ(ilˆj) and v
(2)
ij = 2kˆ(imˆj) for the vector modes and e
×
ij = 2lˆ[imˆj],
e+ij = lˆi lˆj − mˆimˆj for the tensor modes. In the conformal Newtonian gauge, δg00 =
−2a2ψ and t δgij = −2a
2φδij (the tensor and vector modes remain the same in
both gauges). An additional scalar degree of freedom arises at the perturbative
level from the non-vanishing f ′R, given by
b
χ ≡ −
f ′R
ǫ¯H
δR
6H2
. (8)
This feature is a manifestation of the well-known connection between f(R) theo-
ries and non-minimally coupled scalar-tensor theories. The expression of a generic
aWith these notation the Ricci scalar reads R = 12H2(1− 1
2
ǫH).
bWith the gauge invariant notation the perturbed Ricci scalar reads δR = −6H2(W + 4X −
1
3
K2(Y − 2Z) − ǫ¯HT ). The fact that T appears explicitly in the expression of δR indicates that
this is not a gauge invariant quantity.
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perturbed stress-energy tensor, Uµν , is
δUµν = (ρδ + δP )u
µuν + (ρ+ P ) (uνδu
µ + uµδuν) + δPδ
µ
ν + PΠ
µ
ν , (9)
where the density contrast is δ ≡ δρ/ρ, the Hubble flow is parametrized by uν =
(−1,~0) in coordinate time, and δuν = (0, δui) is the perturbed velocity field whose
scalar mode is θ ≡
ikjδuj
k2
.
Our results are are obtained in both the synchronous and conformal Newtonian
gauges thanks to a new set of variables presented bellow (quantities denoted with
the subscript ‘S’ (‘C’) are evaluated in the synchronous (conformal Newtonian)
gauges respectively).
Symbol Synchronous gauge Conformal Newtonian gauge
T
h′‖
2K2 0
Y T ′ + ǫHT ψ
Z η − T φ
X Z ′ + Y Z ′ + Y
W X ′ − ǫH(X + Y ) X
′ − ǫH(X + Y )
Θˆ Θs + 3 (1 + w) T Θc
ˆδP δPs + P
′
sT δPc
χˆ χs + f
′
RT χc
(10)
Instead of δ and θ, we make an extensive use of the dimensionless variables
∆ ≡ δ + 3 (1 + w)Hθ, Θ ≡ 3 (1 + w)Hθ. (11)
The perturbed pressure is packaged into the gauge invariant entropy perturbation,
wΓ =
δˆP
ρ
−
dP
dρ
(
∆− Θˆ
)
. (12)
The anisotropic stress is the spatial traceless part of the stress-energy tensor. In the
same way as the metric perturbation, it decomposes into one scalar, ΠS, two vector,
ΠV, and two tensor modes, ΠT. The generic perturbed fluid equation, δ(∇µUµν) =
0, are
∆′ − 3w∆− 2wΠS + gKǫHΘˆ = 3 (1 + w)X,(13a)
Θˆ′ +
(
ǫH −
w′
1 + w
)
Θˆ −
(
3w −
w′
1 + w
)
∆− 2wΠS − 3wΓ = 3 (1 + w) Y. (13b)
The prime denote derivative with respect to d/d ln a and gK ≡ 1 +
K2
3ǫH
. The field
equations (2) expanded to linear order in perturbations are
− 23K
2Z = Ωm∆m +Ωde∆de, (14a)
2X = ΩmΘˆm +ΩdeΘˆde, (14b)
2
3W + 2X −
2
9K
2 (Y − Z) = Ωm( ˆδPm/ρm) + Ωde( ˆδP de/ρde), (14c)
1
3K
2 (Y − Z) = ΩmwmΠ
S
m
+ΩdewdeΠ
S
de
, (14d)
1
6h
V′′ + (12 −
1
6ǫH)h
V′ = ΩmwmΠ
V
m
+ΩdewdeΠ
V
de
, (14e)
1
6h
T′′ + (12 −
1
6ǫH)h
T′ + 13K
2hT = ΩmwmΠ
T
m +ΩdewdeΠ
T
de. (14f)
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3. Equation of State for Perturbations
In the f(R) scenario, the expansion to first order in perturbations of the dark sector
stress-energy tensor is
κδDµν = −fRδRµν +
1
2fδgµν +
1
2gµνfRδR− fRRRµνδR
+δ (∇µ∇νfR)− (fR) δgµν − gµνδ (fR) . (15)
This allows us to isolate the perturbed fluid variables for the f(R) dark sector
theory. The tensor and vector projections of (15) readily constitute the EoS for ΠV
de
and ΠT
de
,
ΩdewdeΠ
V
de = −
1
6fRh
V′′ − 16 {(3− ǫH)fR + f
′
R}h
V′, (16a)
ΩdewdeΠ
T
de
= − 16fRh
T′′ − 16 {(3− ǫH)fR + f
′
R}h
T′ − 16fRK
2hT. (16b)
The time-time projection provides a useful formulae that enables to write χˆ in terms
of ∆de, X and Z,
Ωde∆de = −gKǫHχˆ+ f
′
R(X +
1
3K
2Z). (17)
The longitudinal spatial traceless projection is
ΩdewdeΠ
S
de
= − 13K
2χˆ− 13fRK
2 (Y − Z) . (18)
Using (18,17) and the perturbed field equations (14), it is possible to write Γde and
ΠS
de
in terms of the other perturbed fluid variables:
wdeΓde = (ζde −
2
3
ǫ¯H
gKǫH
1
f ′R
)∆de − ζdeΘˆde +
Ωm
Ωde
ζm(∆m − Θˆm) (19a)
wdeΠ
S
de =
gK−1
gK
1
1+fR
{
(1 + 12f
′
R)∆de −
1
2f
′
RΘˆde +
1
2
Ωm
Ωde
f ′R(∆m − Θˆm)
}
(19b)
where ζi ≡
gKǫH−ǫ¯H
3gKǫH
− dP i
dρi
. These expressions constitute the EoS for perturbations
in f(R) gravity. From here, the whole dynamics of the (scalar) perturbations is
provided by the four perturbed fluid equations (13), plus one evolution equation for
the metric perturbationscd. This approach is as powerful as elegant: it provides an
efficient way to solve the linear perturbation in f(R) gravity, and the phenomenology
becomes transparent through the interpretation of the fluid variables. Here we have
illustrated the EoS approach with f(R) gravity, but it should apply to any modified
gravity theory. The EoS approach can be an alternative (or complementary) to the
“parametrized post Friedmann framework” developped by Ferreira-Baker-Skordis.
It enables to simply characterize intricate modified gravity theories through their
equations of state for perturbations. In the quest for understanding the nature of
dark energy, this approach seems to us particularly attractive as it links formal
modification to General Relativity to phenomenology in a straightforward way2.
cZ′ = X − Y , where X and Y are written in terms of the perturbed fluid variables.
dIn fact, the system of five differential equations is overdetermined: whenK = 0, the field equation
(14a) can be used to express ∆de in terms of ∆m ; and when K 6= 0, the same equation gives Z in
terms of the ∆i’s
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